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Abstract
In this paper, we try to understand the geometry for a nonlocal nonlinear Schro¨dinger
equation (nonlocal NLS) and its discrete version introduced by Ablowitz and Musslimani. We
show that, under the gauge transformations, the nonlocal focusing NLS and the nonlocal de-
focusing NLS are, respectively, gauge equivalent to a Heisenberg-like equation and a modified
Heisenberg-like equation, and their discrete versions are, respectively, gauge equivalent to a
discrete Heisenberg-like equation and a discrete modified Heisenberg-like equation. From the
gauge equivalence, although the geometry related to the nonlocal NLS is not very clear, we can
see that the properties between the nonlocal NLS and its discrete version and NLS and discrete
NLS have big difference. By constructing the Darboux transformation for discrete nonlocal
NLS equations including the cases of focusing and defocusing, we derive their discrete soliton
solutions, which differ from the ones obtained by using the scattering transformation.
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1 Introduction
Very recently, Ablowitz and Musslimani investigated a nonlocal NLS equation [1]
iqt(x, t) + qxx(x, t) ± 2q(x, t)q∗(−x, t)q(x, t) = 0, (1)
which is derived from a new symmetry reduction of the well-known AKNS system, where q(x, t) is a
complex valued function of the real variables x and t and ∗ denotes complex conjugation. The nonlocal
NLS equation (1) is a new integrable system possessing the Lax pair, infinitely many conservation laws
and it is solvable by using the inverse scattering transformation. Like the classical NLS equation, the
nonlocal equation (1) keeps the following parity-time transform invariant
x→ −x, t→ −t, q(x, t)→ q∗(x, t). (2)
Hence, it is PT symmetric [2] and can be regarded as a mathematical model describing wave prop-
agation phenomena in PT symmetric nonlinear media [3, 4, 5]. The nonlocal NLS has attracted
the attention of researchers since its special properties. For example, by using the inverse scattering
transformation, Ablowitz and Musslimani obtained its breather solution [1]; In [6] Sarma etal showed
that the PT -symmetric nonlocal NLS (1) can simultaneously support both bright and dark soliton
solutions; Valchev [7] studied some basic properties of the nonlocal focusing NLS equation including
its scattering operator, the special solutions by using the dressing method, and the Hamiltonian for-
malism. In addition, dark and antidark soliton interactions in the nonlocal defocusing NLS has been
discussed [8].
On the other hand, Ablowitz and Musslimani [9] also investigated a discrete version of the nonlocal
NLS (1)
i
dQn
dτ
+Qn+1 +Qn−1 − 2Qn ±QnQ∗−n(Qn+1 +Qn−1) = 0, (3)
which is a discrete PT symmetric model, and it contains a linear Lax pair and an infinite many con-
servation laws. In Ref. 9, a discrete one-soliton solutions with the unique features of power oscillations
and singularity formation has been derived by using a left-right Riemann-Hilbert formulation. In [6]
Sarma etal investigated another discrete PT symmetric nonlocal NLS
i
dan
dτ
+ k(an+1 + an−1) + a
2
na
∗
−n = 0. (4)
We have known that the focusing NLS and defocusing NLS are, respectively, gauge equivalent to the
Schro¨dinger flow of maps from R1 into S2 in R3 and from R1 into H2 in R2+1 [10]-[14]. This gives
the geometric explanations for the NLS equation. The geometry related to the discrete NLS has also
been discussed [15, 16]. So, what is geometric interpretation for the nonlocal NLS and its discrete
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version? In this paper, we try to understand the geometry for the nonlocal NLS (1) and its discrete
version (3). We will show that, under the gauge transformations, the nonlocal focusing NLS and
the nonlocal defocusing NLS are, respectively, gauge equivalent to a Heisenberg-like equation and a
modified Heisenberg-like equation, and their discrete versions are, respectively, gauge equivalent to a
discrete Heisenberg-like equation and a discrete modified Heisenberg-like equation. From the gauge
equivalence, although the geometry related to the nonlocal NLS and its discrete version is not very
clear, we can see that the properties between the nonlocal NLS and its discrete version and NLS and
discrete NLS have big differences. By constructing the Darboux transformation for discrete nonlocal
NLS equations including two cases of focusing and defocusing, we also derive their discrete soliton
solutions, which differ from the ones obtained by using the scattering transformation [9].
2 Gauge equivalent structures of the nonlocal focusing NLS and the
nonlocal defocusing NLS
In this section, we try to understand the geometry related to the nonlocal focusing NLS and the
nonlocal defocuing NLS through investigating their gauge equivalent structures. We will show that
the nonlocal focusing NLS and the nonlocal defocuing NLS are, respectively, gauge equivalent to a
Heisenberg-like equation and a modified Heisenberg-like equation. From the gauge equivalence, we
can see that there exist big differences between the nonlocal NLS equation and NLS equation.
We first recall that the nonlocal focusing NLS equation
iqt(x, t) + qxx(x, t) + 2q(x, t)q
∗(−x, t)q(x, t) = 0, (5)
is yielded by the integrability condition of the following linear problem [1]:
ϕx =Mϕ, ϕt = Nϕ (6)
with
M =
(
−iλ q(x, t)
−q∗(−x, t) iλ
)
, N =
(
−2iλ2 + iq(x, t)q∗(−x, t) 2λq(x, t) + iqx(x, t)
−2λq∗(−x, t) + iq∗x(−x, t) 2iλ2 − iq(x, t)q∗(−x, t)
)
.
Under the following gauge transformation [11]:
M˜ = G−1MG−G−1Gx, N˜ = G−1NG−G−1Gt, (7)
where G is a solution of the system (6) for λ = 0, i.e.,
Gx =M(0)G, Gt = N(0)G, (8)
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we can obtain
M˜ = −iλG−1σ3G , −iλS, N˜ = −2iλ2S + λSSx. (9)
The compatibility condition M˜t − N˜x + [M˜ , N˜ ] = 0 yields a Heisenberg-like equation
St =
i
2
[S, Sxx]. (10)
From the structure of the matrix M(0) and N(0), we can see that G in (8) has the form
G =
(
f(x, t) g∗(−x, t)
g(x, t) f∗(−x, t)
)
.
Hence the structure of the matrix S in equation (10) can be given by
S = G−1σ3G =
1
Ω
(
f(x, t)f∗(−x, t) + g(x, t)g∗(−x, t) 2f∗(−x, t)g∗(−x, t)
−2f(x, t)g(x, t) −f(x, t)f∗(−x, t)− g(x, t)g∗(−x, t)
)
,
(11)
where Ω = f(x, t)f∗(−x, t) − g(x, t)g∗(−x, t). We should remark here that we say equation (10) is
a Heisenberg-like equation since it has the same form as the Heisenberg equation, but there exists a
big difference between (10) and the Heisenberg equation. In fact, in the case of focusing NLS, i.e.,
q∗(−x, t) = q∗(x, t), G in equation (8) has the form
G =
(
f(x, t) −g∗(x, t)
g(x, t) f∗(x, t)
)
,
and thus S = G−1σ3G has the form
S =
1
|f |2 + |g|2
(
|f |2 − |g|2 −2f∗g∗
−2fg |g|2 − |f |2
)
.
Set f = a(x, t) + ib(x, t), g = c(x, t) + id(x, t), then the matrix S can be written as
S =
(
s1 s2 − is3
s2 + is3 −s1
)
,
where the vector S=(s1, s2, s3)
T ∈ S2 in R3, and sj, j = 1, 2, 3 is given by
s1 =
|f |2 − |g|2
|f |2 + |g|2 , s2 =
2(bd− ac)
|f |2 + |g|2 , s3 =
−2(bc+ ad)
|f |2 + |g|2 .
So, equation (10) reduces to the Heisenberg equation
St = S× Sxx. (12)
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For the one-soliton solution of the nonlocal focusing NLS (5)
q(x, t) = 2iae2bx−4i(a
2−b2)t csch(8abt− 2iax)), (13)
we solve equation (8) as follows:
G =

 − iae2bx−4i(a
2
−b
2)t csch(8abt−2iax)√
a2+b2
−b+ia coth(8abt−2iax)√
a2+b2
−b−ia coth(8abt−2iax)√
a2+b2
iae−2bx+4i(a
2
−b
2)t csch(8abt−2iax)√
a2+b2

 .
Hence S can be solved as
S=

 1 + 2a2 csch2(8abt−2iax)a2+b2 −2ae−2bx+4i(a2−b2)t(ib+a coth(8abt−2iax)) csch(8abt−2iax)a2+b2
2ae2bx−4i(a
2
−b
2)t(−ib+a coth(8abt−2iax)) csch(8abt−2iax)
a2+b2
−1− 2a2 csch2(8abt−2iax)
a2+b2

 .
Set f = a(x, t) + ib(x, t), g(x, t) = c(x, t) + id(x, t), then the matrix S in equation (11) can be written
as
S =
(
s1(x, t) + is2(x, t) −(s3(−x, t)− is4(−x, t))
s3(x, t) + is4(x, t) −(s1(x, t) + is2(x, t))
)
,
where
s1(x, t)s1(−x, t) + s2(x, t)s2(−x, t)− s3(x, t)s3(−x, t)− s4(x, t)s4(−x, t) = 1,
2s1(x, t)s2(x, t) + s3(x, t)s4(−x, t)− s4(x, t)s3(−x, t) = 0, (14)
and sj(j = 1, 2, 3, 4) is given by
s1(x, t) =
s11
Γ
, s2(x, t) =
s12
Γ
, s3(x, t) =
s21
Γ
, s4(x, t) =
s22
Γ
,
with
Γ =(a2(x, t) + b2(x, t))(a2(−x, t) + b2(−x, t)) + (c2(x, t) + d2(x, t))(c2(−x, t) + d2(−x, t))
− 2(a(x, t)c(x, t) + b(x, t)d(x, t))(a(−x, t)c(−x, t) + b(−x, t)d(−x, t))
− 2(b(x, t)c(x, t) − a(x, t)d(x, t))(b(−x, t)c(−x, t) − a(−x, t)d(−x, t)),
s11 =(a
2(x, t) + b2(x, t))(a2(−x, t) + b2(−x, t))− (c2(x, t) + d2(x, t))(c2(−x, t) + d2(−x, t)),
s12 =2(a(x, t)c(x, t) + b(x, t)d(x, t))(b(−x, t)c(−x, t) − a(−x, t)d(−x, t))
− 2(b(x, t)c(x, t) − a(x, t)d(x, t))(b(−x, t)d(−x, t) + a(−x, t)c(−x, t)),
s21 =2(a
2(x, t) + b2(x, t))(d(x, t)b(−x, t) − c(x, t)a(−x, t))
+ 2(c2(x, t) + d2(x, t))(a(x, t)c(−x, t) − b(x, t)d(−x, t)),
s22 =− 2(a2(x, t) + b2(x, t))(d(x, t)a(−x, t) + c(x, t)b(−x, t))
+ 2(c2(x, t) + d2(x, t))(b(x, t)c(−x, t) + a(x, t)d(−x, t)).
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We thus see that equation (10) can be transformed into
ds1
dt
=− 1
2
(s4s3xx(−x)− s3(−x)s4xx + s3xxs4(−x)− s3s4xx(−x)) ,
ds2
dt
=
1
2
(s3s3xx(−x)− s3(−x)s3xx + s4s4xx(−x)− s4(−x)s4xx) ,
ds3
dt
=s2s3xx − s3s2xx + s1s4xx − s4s1xx,
ds4
dt
=s3s1xx − s1s3xx + s2s4xx − s4s2xx. (15)
Next we will discuss the gauge equivalence for the nonlocal defocusing NLS equation
iqt(x, t) + qxx(x, t) − 2q(x, t)q∗(−x, t)q(x, t) = 0, (16)
which has the Lax pair [1]
ϕx =Mϕ, ϕt = Nϕ (17)
where
M =
(
λ q∗(−x, t)
q(x, t) −λ
)
, N = i
(
−2λ2 + q(x, t)q∗(−x, t) −2λq∗(−x, t) + q∗x(−x, t)
−2λq(x, t) + qx(x, t) 2λ2 − q(x, t)q∗(−x, t)
)
.
Under gauge transformation:
M˜ = G−1MG−G−1Gx, N˜ = G−1NG−G−1Gt, (18)
where G satisfies
Gx =M(0)G, Gt = N(0)G, (19)
we can obtain
M˜ = λG−1σ3G , iλS, N˜ = 2λ
2S + iλSSx, (20)
with S being defined by S = −iG−1σ3G. The compatibility condition M˜t − N˜x + [M˜ , N˜ ] = 0 yields a
modified Heisenberg-like equation
St =
1
2
[S, Sxx]. (21)
From the structure of the matrix M(0) and N(0), we can see that G in (19) has the form
G =
(
f(x, t) −g∗(−x, t)
g(x, t) f∗(−x, t)
)
.
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Hence the matrix S is given by
S =
i
Ω
(
g(x, t)g∗(−x, t)− f(x, t)f∗(−x, t) 2f∗(−x, t)g∗(−x, t)
2f(x, t)g(x, t) f(x, t)f∗(−x, t)− g(x, t)g∗(−x, t)
)
. (22)
where Ω = f(x, t)f∗(−x, t)+ g(x, t)g∗(−x, t). We remark here that we say equation (21) is a modified
Heisenberg-like equation since it has the same form as the modified Heisenberg equation, but it has
big difference with the modified Heisenberg equation. In fact, we see that in the case of defocusing
NLS, the matrix G in equation (19) has the form
G =
(
f(x, t) g(x, t)
f∗(x, t) −g∗(x, t)
)
,
and thus S = −iG−1σ3G has the form
S =
i
Re(fg∗)
(
−iIm(fg∗) −|g|2
−|f |2 iIm(fg∗)
)
.
Set f = a(x, t) + ib(x, t), g = c(x, t) + id(x, t), then the matrix S can be rewritten as
S =
(
s1 i(s3 − s2)
i(s2 + s3) −s1
)
,
where the vector S=(s1, s2, s3)
T ∈ H2 in R2+1, i.e., s21 + s22 − s23 = −1, and sj, j = 1, 2, 3 is given by
s1 =
bc− ad
ac+ bd
, s2 =
|g|2 − |f |2
2(ac+ bd)
, s3 =
−|f |2 − |g|2
2(ac+ bd)
.
Thus, the modified Heisenberg-like equation (21) leads to the modified Heisenberg equation
St = S×˙Sxx, (23)
where ×˙ denotes the pseudo cross product in R2+1 defined by a×˙b = (a2b3−a3b2, a3b1−a1b3,−(a1b2−
a2b1)).
For a solution q(x, t) of nonlocal defocusing NLS given by
q(x, t) = −2ibe−2ax+4i(a2−b2)t sech(8abt+ 2ibx)), (24)
the solution to equation (19) is
G =

 −a−ib tanh(8abt+2ibx)√a2+b2 be2ax−4i(a
2
−b
2)t sech(8abt+2ibx)√
a2+b2
−be−2ax+4i(a2−b2)t sech(8abt+2ibx)√
a2+b2
−a+ib tanh(8abt+2ibx)√
a2+b2

 ,
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and
S =

 1− 2b2 sech2(8abt+2ibx)a2+b2 −2be−4i(a2−b2)t+2ax sech(8abt+2ibx)(a−ib tanh(8abt+2ibx))a2+b2
−2be4i(a
2
−b
2)t−2ax sech(8abt+2ibx)(a+ib tanh(8abt+2ibx))
a2+b2
−1 + 2b2 sech2(8abt+2ibx)
a2+b2

 .
Set f = a(x, t) + ib(x, t), g(x, t) = c(x, t) + id(x, t), then the matrix S in equation (22) can be written
as
S =
(
s1(x, t) + is2(x, t) −(s3(−x, t)− is4(−x, t))
s3(x, t) + is4(x, t) −(s1(x, t) + is2(x, t))
)
,
where
s1(x, t)s1(−x, t) + s2(x, t)s2(−x, t) + s3(x, t)s3(−x, t) + s4(x, t)s4(−x, t) = 1,
2s1(x, t)s2(x, t) + s3(x, t)s4(−x, t)− s4(x, t)s3(−x, t) = 0, (25)
and sj(j = 1, 2, 3, 4) is given by
s1(x, t) =
s11
Γ
, s2(x, t) =
s12
Γ
, s3(x, t) =
s21
Γ
, s4(x, t) =
s22
Γ
,
with
Γ =(a2(x, t) + b2(x, t))(a2(−x, t) + b2(−x, t)) + (c2(x, t) + d2(x, t))(c2(−x, t) + d2(−x, t))
+ 2(a(x, t)c(x, t) + b(x, t)d(x, t))(a(−x, t)c(−x, t) + b(−x, t)d(−x, t))
+ 2(b(x, t)c(x, t) − a(x, t)d(x, t))(b(−x, t)c(−x, t) − a(−x, t)d(−x, t)),
s11 =2(a(x, t)c(x, t) + b(x, t)d(x, t))(a(−x, t)d(−x, t) − b(−x, t)c(−x, t))
+ 2(b(x, t)c(x, t) − a(x, t)d(x, t))(b(−x, t)d(−x, t) + a(−x, t)c(−x, t)),
s12 =− (a2(x, t) + b2(x, t))(a2(−x, t) + b2(−x, t)) + (c2(x, t) + d2(x, t))(c2(−x, t) + d2(−x, t)),
s21 =− 2(a2(x, t) + b2(x, t))(d(x, t)a(−x, t) + c(x, t)b(−x, t))
− 2(c2(x, t) + d2(x, t))(b(x, t)c(−x, t) + a(x, t)d(−x, t)),
s22 =2(a
2(x, t) + b2(x, t))(c(x, t)a(−x, t) − d(x, t)b(−x, t))
+ 2(c2(x, t) + d2(x, t))(a(x, t)c(−x, t) − b(x, t)d(−x, t)).
Thus, equation (21) can be transformed into
ds1
dt
=
1
2
(s3s3xx(−x)− s3(−x)s3xx + s4s4xx(−x)− s4(−x)s4xx) ,
ds2
dt
=
1
2
(s4s3xx(−x)− s3(−x)s4xx + s3xxs4(−x)− s3s4xx(−x)) ,
ds3
dt
=s3s1xx − s1s3xx + s2s4xx − s4s2xx,
ds4
dt
=s4s1xx − s1s4xx + s3s2xx − s2s3xx. (26)
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In summary, although the geometry related to the nonlocal focusing NLS and the nonlocal defocusing
NLS is not very clear, we can see, from their gauge equivalence, that the properties between the
nonlocal NLS equation and NLS equation have big differences.
3 The soliton of discrete nonlocal NLS and gauge equivalence
In this section, we will seek the soliton solution of the discrete nonlocal focusing NLS and the discrete
nonlocal defocusing NLS through constructing their Darboux transformations. We will show that
there is no singular point in the discrete one-soliton solution, which is distinguished from that given
in [9]. We will also show that the nonlocal discrete focuing NLS and the nonlocal discrete defocuing
NLS are, respectively, gauge equivalent to a discrete Heisenberg-like equation and a discrete modified
Heisenberg-like equation. From the gauge equivalence, we can see that there exist big differences
between the nonlocal discrete NLS equation and discrete NLS equation.
3.1 The soliton of discrete nonlocal focusing NLS and gauge equivalence
The discrete nonlocal focusing NLS is as follows:
i
dQn
dτ
+Qn+1 +Qn−1 − 2Qn +QnQ∗−n(Qn+1 +Qn−1) = 0, (27)
which has the discrete Lax pair
Eϕn =Mnϕn, ϕn,τ = Nnϕn (28)
with
Mn =
(
z Q∗−nz
−1
−Qnz z−1
)
,
Nn =i
(
1− z2 + z − z−1 −Q∗−nQn−1 −Q∗−n +Q∗−n−1z−2
−Qn +Qn−1z2 −1 + z−2 + z − z−1 +QnQ∗−n−1
)
.
We remark here that the Lax pair (28) is different from the one given in [9]. Equation (27) is PT
symmetric similar to the classical integrable discrete NLS. Introduce ϕ
[1]
n = Tnϕn, where the matrix
Tn =
(
z + anz
−1 bnz−1
cnz dnz + z
−1
)
, (29)
with constraint condition:
bn = −c∗−n, an = d∗−n. (30)
Suppose Qn is a solution of (27) and ϕn = (ϕ1,n, ϕ2,n)
T is an eigenfunction of linear problem (28) with
z = z1. Then one can check that ψn = (−ϕ∗2,−n, ϕ∗1,−n)T is also the eigenfunction when z = (z∗1)−1.
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Assume that detTn(z1) = 0, then the two column vectors in Tn(z1)(ϕn, ψn) are linear dependent.
Thus we get
cn =
(z∗21 − z−21 )τn
1 + τnτ∗−n
, dn =
−z∗21 − z−21 τnτ∗−n
1 + τnτ∗−n
,
where τn = ϕ2,n/ϕ1,n. we have proved that the new linear problem
Eϕ[1]n =M
[1]
n ϕ
[1]
n , ϕ
[1]
n,τ = N
[1]
n ϕ
[1]
n , (31)
where
M [1]n = Tn+1MnT
−1
n , N
[1]
n = (Tn,τ + TnNn)T
−1
n , (32)
has the same form as the linear eigenfunction equation (28) except that the Qn, Q
∗
−n in Mn, Nn are
replaced by Q
[1]
n , Q
∗[1]
−n in M
[1]
n , N
[1]
n .
The relation between old potential Qn and new potential Q
[1]
n is
Q[1]n = Qndn+1 − cn+1. (33)
For the seed Qn = 0 and z1 = α + iβ, the eigenfunctions are ϕ1,n = z
n
1 e
ξτ , ϕ2,n = z
−n
1 e
ητ with
ξ , i(1− z21 + z1 − z−11 ), η , i(−1 + z−21 + z1 − z−11 ).
So the discrete one-soliton solution is
Q[1]n =
z
−2(n+1)
1 (z
−2
1 − z∗21 )ei(z1−z
−1
1 )
2τ
1 + z
−2(n+1)
1 (z
∗
1)
2(n−1)e(η+η∗−ξ−ξ∗)τ
. (34)
Its norm is ∣∣∣Q[1]n ∣∣∣ = (α2 + β2)−n|(α2 + β2)2 − 1|e2αβ((α
2+β2)−2−1)τ√(
(α2 + β2)2 + e4αβ((α
2+β2)−2−1)τ cos ν
)2
+ e8αβ((α
2+β2)−2−1)τ sin2 ν
, (35)
where ν = 2(n− 1)Arg(α− iβ)− 2(n + 1)Arg(α+ iβ).
If the z1 is the form of polar coordinates, i.e., z1 = αe
iβ and α 6= 1, β ∈ (−pi, pi], then we get
∣∣∣Q[1]n ∣∣∣ = α−2n|α4 − 1|e
−
(
α2− 1
α2
)
τ sin(2β)√
α8 + e
−4
(
α2− 1
α2
)
τ sin(2β)
+ 2α4e
−2
(
α2− 1
α2
)
τ sin(2β)
cos(4βn)
, (36)
Note that there is no singular point in discrete one-soliton (34), which is distinguished from that given
in [9]. Fig. 1 gives the shape of the discrete one-soliton solution with α =
√
5/2, β = arctan 1/2.
On the other hand, if we take the seed solution Qn = ρe
2iρ2τ+iφ, ρ, φ ∈ R, then solving linear
isospectral equation (28) yields the following eigenfunctions:
ϕ1n = iρ(z
−2 − 1)Cneλ1τ + (λ2 − q)Dneλ2τ ,
ϕ2n = e
2iρ2τ+iφ
(
Cneλ1τ (λ1 − p) + iρ(z2 − 1)Dneλ2τ
)
,
(37)
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where
λ1 =
i(1 − z4 + 2z3 − 2ρ2z2 − 2z) + (z2 − 1)√∆
2z2
,
λ2 =
i(1 − z4 + 2z3 − 2ρ2z2 − 2z) − (z2 − 1)√∆
2z2
,
C =
z2 + 1 + i
√
∆
2z
, D =
z(z2 − 1− 2ρ2 − i√∆)
z2 − 1− i√∆ , ∆ = 4ρ
2z2 − (z2 − 1)2,
p = i(1− z2 + z − z−1 − ρ2), q = i(z−2 + z − z−1 − 1− ρ2).
(38)
So, new soliton solution is
Q[1]n =
(z−21 − z∗21 )τn+1
1 + τn+1τ∗−n+1
− ρe2iρ2τ+iφ z
∗2
1 + z
−2
1 τn+1τ
∗
−n+1
1 + τn+1τ∗−n+1
, (39)
where
τn+1 =
−ρz2e2iρ2τ+iφ + τn
z2 + ρe−2iρ2τ−iφτn
(40)
with
τn = −e2iρ2τ+iφ i(z
2 − 1) +√∆+ 2iρz2θne(λ2−λ1)τ
2iρ+
(
i(z2 − 1) +√∆
)
θne(λ2−λ1)τ
,
θ =
D
C
=
z2(z2 − 2ρ2 − 1− i√∆)
z2(1 + 2ρ2)− 1− i√∆ , λ2 − λ1 = (z
−2 − 1)
√
∆,
λ2 − q = −(λ1 − p) =
(1− z2)
(
i(z2 − 1) +√∆
)
2z2
.
(41)
It is interesting to note that by choosing the proper parameters, Q
[1]
n can be rewritten as
Q[1]n = ρe
2iρ2τ+iφf(n+ γτ, n− βτ) (42)
This means that the solution |Q[1]n | is a traveling soliton solution. In the specific case, we give out the
shapes of |Q[1]n |. Set z = a+ ib, a2 + b2 6= 0, 6= 1, then we get ∆ = −1− a4 − b2(2 + b2 + 4ρ2) + a2(2 +
6b2+4ρ2)+4abi(1−a2+ b2+2ρ2). In the case of Im∆ = 0, i.e, a = 0 or b = 0 or 1−a2+ b2+2ρ2 = 0,
we discuss the properties of Q
[1]
n .
Case 1: b = 0
• When Re∆ < 0, i.e., 2|ρz| ≤ |z2 − 1|, we have
Q[1]n (τ) = −ei(2ρ
2τ+φ) e
2(z−2−1)
√
−∆iτM1n + e(z
−2−1)
√
−∆iτM2n +M3
e2(z−2−1)
√
−∆iτM4n + e(z
−2−1)
√
−∆iτM5n +M6
, (43)
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where
M1n =2θ
2n+1ρ2z2(1 + z2)(1− z2 +
√
−∆),
M2n =− ρM5n = 2θnρz2(1− z2)
(
z2 − θ2 + (1 + θ2)
√
−∆+ (1 + 2ρ2)(z2θ2 − 1)
)
,
M3 =2θ(1 + z
2)
[
(1− z6 + 3(1 + ρ2)z4 − (3 + ρ2)z2 + (ρ2z2 − (z2 − 1)2)√−∆] ,
M4n =θ
2nM6, M6 = 2ρθz
2(1 + z2)(z2 − 1 +
√
−∆).
Note that Mjn, j = 1, 2, ..., 6 is independent of τ , so |Q[1]n (τ)| is a discrete time-period soliton solution
with T =
∣∣∣ 2pi
(z−2−1)
√
−∆
∣∣∣. The discrete soliton solution |Q1n(τ)| is shown in fig. 2 where the parameters
z = 2, ρ = 1/2, which is a nonzero background solution with period T = 8pi
3
√
5
. To describe the back-
ground clearly, we give the graphs at three different space lattice points n = −5, n = 0 and n = 5,
respectively.
• When ∆ = Re∆ > 0, we can get a breather-like solution on space lattice n
Q[1]n (τ) = −ei(2ρ
2τ+φ) e
2(z−2−1)
√
∆τM1n + e
(z−2−1)
√
∆τM2n +M3n
e2(z−2−1)
√
∆τM4n + e(z
−2−1)
√
∆τM5n +M6n
, (44)
where
M1n =z
2M∗3n = 2ρz
2(1 + z2)θn
(
2(1 + ρ2)z2 − 1− z4 − i(z2 − 1)
√
∆
)
,
M2 =− ρM5 = 2ρ2z2(1− z2)
(
(1 + z2 − i
√
∆)θ∗ + (1 + z2 + i
√
∆)θ
)
,
M4n =z
2M∗6n = 4ρ
2z4(1 + z2)θn.
Fig.3 shows the breather-like solution where z = 2, ρ = 1.
Case 2: For 1− a2 + b2 + 2ρ2 = 0
In this case, we have Re∆ > 0. When b 6= 0, we find that |Q[1]n (τ)| is a two-solitons without singular
and it has local maximum value (see fig.4, where a = 2, b = ρ = 1).
Case 3: For a = 0, i.e., z = ib
In this case, one can check Re∆ < 0. From the formula of Q
[1]
n , we see that the |Q[1]n | is also a discrete
time-period soliton. Fig. 5 gives the discrete period soliton with T = 8pi
5
√
41
where b = −1/2, ρ = 1.
Next we will discuss the gauge equivalence for the discrete nonlocal focusing NLS equation. Let
Sn , G
−1
n σ3Gn, where Gn satisfies the linear problem
Gn+1 =Mn(1)Gn, Gn,τ = Nn(1)Gn
with the form of
Gn =
(
fn −g∗−n
gn f
∗
−n
)
,
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Under discrete gauge transformation
M˜n = G
−1
n+1MnGn, N˜n = G
−1
n NnGn −G−1n Gn,τ , (45)
we obtain
M˜n =G
−1
n M
−1
n (1)MnGn =
z + z−1
2
I +
z − z−1
2
Sn,
N˜n =G
−1
n (Nn −Nn(1))Gn
=iG−1n
(
1− z2 + z − z−1 (z−2 − 1)Q∗−n−1
(z2 − 1)Qn−1 −1 + z−2 + z − z−1
)
Gn
=i(z − z−1)I + i
(
z2 + z−2
2
− 1
)
G−1n
(
−1 Q∗−n−1
Qn−1 1
)
Gn
+ i
z2 − z−2
2
G−1n
(
−1 −Q∗−n−1
Qn−1 −1
)
Gn
=i(z − z−1)I + i
(
1− z
2 + z−2
2
)
Sn + Sn−1
1 + 12 tr(SnSn−1)
− iz
2 − z−2
2
I + Sn−1Sn
1 + 12tr(SnSn−1)
.
Here we have used the identities
1 +
1
2
tr(Sn+1Sn) =
2
1 +QnQ∗−n
,
G−1n
(
1 Q∗−n−1
−Qn−1 1
)
Gn = G
−1
n−1Gn =
I + Sn−1Sn
1 + 12tr(SnSn−1)
G−1n
(
1 −Q∗−n−1
−Qn−1 −1
)
Gn =
Sn + Sn−1
1 + 12 tr(SnSn−1)
.
Then by using the discrete zero curvature equation M˜n,τ = N˜n+1M˜n − M˜nN˜n and comparing the
power of z, we get a discrete Heisenberg-like model
dSn
dτ
= i
[Sn+1, Sn]
1 + 12tr(Sn+1Sn)
− i [Sn, Sn−1]
1 + 12 tr(SnSn−1)
. (46)
where the matrix Sn is given by
Sn = G
−1
n σ3Gn =
1
fnf
∗
−n + gng
∗
−n
(
fnf
∗
−n − gng∗−n −2f∗−ng∗−n
−2fngn gng∗−n − fnf∗−n
)
. (47)
Set fn = an + ibn, gn = cn + idn, then Sn has the form
Sn =
(
s1n + is2n s3(−n) − is4(−n)
s3n + is4n −(s1n + is2n)
)
,
13
where
s1ns1(−n) + s2ns2(−n) + s3ns3(−n) + s4ns4(−n) = 1,
2s1ns2n + s3(−n)s4n − s3ns4(−n) = 0, (48)
and sjn(j = 1, 2, 3, 4) is given by
s1n =
s11n
Γn
, s2n =
s12n
Γn
, s3n =
s21n
Γn
, s4n =
s22n
Γn
,
with
Γn =(a
2
n + b
2
n)(a
2
−n + b
2
−n) + (c
2
n + d
2
n)(c
2
−n + d
2
−n) + 2(anb−n − a−nbn)(cnd−n − c−ndn)
+ 2(ana−n + bnb−n)(cnc−n + dnd−n),
s11n =(a
2
n + b
2
n)(a
2
−n + b
2
−n)− (c2n + d2n)(c2−n + d2−n),
s12n =2(ana−n + bnb−n)(cnd−n − c−ndn) + 2(cnc−n + dnd−n)(a−nbn − anb−n),
s21n =2(a
2
n + b
2
n)(dnb−n − cna−n) + 2(c2n + d2n)(bnd−n − anc−n)
s22n =− 2(a2n + b2n)(a−ndn + b−ncn)− 2(c2n + d2n)(and−n + bnc−n).
The matrix equation (46) can be rewritten as
ds1n
dτ
=
AnEn +BnFn
∆1n
− CnIn +DnJn
∆2n
,
ds2n
dτ
=
AnFn −BnEn
∆1n
− CnJn −DnIn
∆2n
,
ds3n
dτ
=
AnGn +BnHn
∆1n
− CnKn +DnLn
∆2n
,
ds4n
dτ
=
AnHn −BnGn
∆1n
− CnLn −DnKn
∆2n
,
(49)
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where
∆1n = A
2
n +B
2
n, ∆2n = C
2
n +D
2
n;
An = 1 + s1ns1(n+1) − s2ns2(n+1) +
1
2
(s3ns3(−n+1) + s3(−n)s3(n+1) + s4ns4(−n+1) + s4(−n)s4(n+1));
Bn = s2ns1(n+1) + s1ns2(n+1) −
1
2
(s3ns4(−n+1) + s4(−n)s3(n+1) − s4ns3(−n+1) − s3(−n)s4(n+1));
Cn = 1 + s1ns1(n−1) − s2ns2(n−1) +
1
2
(s3(−n)s3(n−1) + s3ns3(−n−1) + s4(n−1)s4(−n) + s4ns4(−n−1));
Dn = s1ns2(n−1) + s2ns1(n−1) −
1
2
(s3ns4(−n−1) − s3(−n)s4(n−1) + s3(n−1)s4(−n) − s4ns3(−n−1));
En = s3ns4(−n+1) − s3(n+1)s4(−n) − s3(−n+1)s4n + s3(−n)s4(n+1);
Fn = s3ns3(−n+1) − s3(n+1)s3(−n) + s4(−n+1)s4n − s4(−n)s4(n+1);
Gn = 2(s2(n+1)s3n − s2ns3(n+1) + s1(n+1)s4n − s1ns4(n+1));
Hn = 2(s1ns3(n+1) − s1(n+1)s3n + s2(n+1)s4n − s2ns4(n+1));
In = −s3ns4(−n−1) − s3(−n)s4(n−1) + s3(n−1)s4(−n) + s3(−n−1)s4n;
Jn = s3(−n)s3(n−1) − s3(n)s3(−n−1) + s4(n−1)s4(−n) − s4(−n−1)s4n;
Kn = 2(s2ns3(n−1) − s2(n−1)s3n + s1ns4(n−1) − s1(n−1)s4n);
Ln = 2(s1(n−1)s3n − s1ns3(n−1) + s2ns4(n−1) − s2(n−1)s4n).
(50)
We remark here that if set f∗−n = f
∗
n, g
∗
−n = g
∗
n and fn = an + ibn, gn = cn + idn, then we can show
that the matrix Sn possesses the form
Sn =
(
s1n s2n − is3n
s2n + is3n −s1n
)
, (51)
where the vector Sn=(s1n, s2n, s3n)
T ∈ S2 in R3, and sjn, j = 1, 2, 3 is given by
s1n =
|fn|2 − |gn|2
|fn|2 + |gn|2 , s2n =
2(bndn − ancn)
|fn|2 + |gn|2 , s3n =
−2(bncn + andn)
|fn|2 + |gn|2 ,
and equation (46) reduces to
S˙n = 2
Sn+1 × Sn
1 + Sn+1 · Sn − 2
Sn × Sn−1
1 + Sn · Sn−1 . (52)
This means that the equation (46) is a discrete Heisenberg equation under the condition f∗−n =
f∗n, g
∗
−n = g
∗
n which agrees with a well-known fact that the discrete focusing NLS is gauge equivalent
to the discrete Heisenberg equation [15].
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3.2 The soliton of discrete nonlocal defocusing NLS and gauge equivalence
For the discrete nonlocal defocusing NLS
i
dQn
dτ
+Qn+1 +Qn−1 − 2Qn −QnQ∗−n(Qn+1 +Qn−1) = 0, (53)
its Lax pair is:
Eϕn =Mnϕn, ϕn,τ = Nnϕn (54)
with
Mn =
(
z Q∗−nz
−1
Qnz z
−1
)
,
Nn =i
(
1− z2 + z − z−1 +Q∗−nQn−1 −Q∗−n +Q∗−n−1z−2
Qn −Qn−1z2 −1 + z−2 + z − z−1 −QnQ∗−n−1
)
.
We also remark here that the Lax pair (54) is different from the one given in [9]. We have obtained
the following Darboux transformation for discrete nonlocal defocusing NLS equation (53):
ϕ[1]n =
(
z + anz
−1 bnz−1
cnz dnz + z
−1
)
ϕn, (55)
with constraint condition:
bn = c
∗
−n, an = d
∗
−n. (56)
Further, we have
cn =
(z∗21 − z−21 )τn
1− τnτ∗−n
, dn =
−z∗21 − z−21 τnτ∗−n
1− τnτ∗−n
,
and the relation between old potential Qn and new potential Q
[1]
n can be written as
Q[1]n = cn+1 +Qndn+1. (57)
For seed solution Qn = 0, one can get discrete 1-soliton solution for discrete nonlocal defocusing NLS
Q[1]n =
z
−2(n+1)
1 (z
∗2
1 − z−21 )ei(z1−z
−1
1 )
2τ
1− z−2(n+1)1 (z∗1)2(n−1)e(η+η∗−ξ−ξ∗)τ
. (58)
where ξ , i(1− z21 + z1− z−11 ), η , i(−1+ z−21 + z1− z−11 ). Set z1 = αeiβ and α 6= 1, β ∈ (−pi, pi], then
we get ∣∣∣Q[1]n ∣∣∣ = α−2n|α4 − 1|e
−
(
α2− 1
α2
)
τ sin(2β)√
α8 + e
−4
(
α2− 1
α2
)
τ sin(2β) − 2α4e−2
(
α2− 1
α2
)
τ sin(2β)
cos(4βn)
. (59)
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Its shape is given in Fig.6 with α =
√
5/2, β = arctan 1/2. The solution (58) differs from one of the
classical discrete defocusing NLS. Taking the seed solution
Qn = ρe
−2iρ2τ+iφ, ρ, φ ∈ R
and solving equation (54) give the following eigenfunctions:
ϕ1n = iρ(z
−2 − 1)Cneλ1τ + (λ2 − q)Dneλ2τ ,
ϕ2n = e
−2iρ2τ+iφ
(
Cneλ1τ (λ1 − p) + iρ(1− z2)Dneλ2τ
)
,
(60)
where
λ1 =
i(1− z4 + 2z3 − 2ρ2z2 − 2z) + (z2 − 1)√∆
2z2
,
λ2 =
i(1− z4 + 2z3 − 2ρ2z2 − 2z)− (z2 − 1)√∆
2z2
,
C =
z2 + 1 + i
√
∆
2z
, D =
z(z2 − 1 + 2ρ2 − i√∆)
z2 − 1− i√∆ , ∆ = −4ρ
2z2 − (z2 − 1)2,
p = i(1 − z2 + z − z−1 + ρ2), q = i(z−2 + z − z−1 − 1 + ρ2).
(61)
We thus obtain new soliton solution
Q[1]n =
(z∗21 − z−21 )τn+1
1− τn+1τ∗−n+1
+ ρe−2iρ
2τ+iφ−z∗21 + z−21 τn+1τ∗−n+1
1− τn+1τ∗−n+1
, (62)
with
τn+1 = −e−2iρ2τ+iφ i(z
2 − 1) +√∆− 2iρz2θn+1e(λ2−λ1)τ
2iρ+
(
i(z2 − 1) +√∆
)
θn+1e(λ2−λ1)τ
;
θ =
D
C
=
z2(z2 + 2ρ2 − 1− i√∆)
z2(1− 2ρ2)− 1− i√∆ , λ2 − λ1 = (z
−2 − 1)
√
∆,
λ2 − q = −(λ1 − p) =
(1− z2)
(
i(z2 − 1) +√∆
)
2z2
.
(63)
Let us discuss the properties of Q
[1]
n . Set z = a + ib, a2 + b2 6= 0, 6= 1, then we have ∆ = −1 − a4 −
b2(2 + b2 − 4ρ2) + a2(2 + 6b2 − 4ρ2) + 4abi(1 − a2 + b2 − 2ρ2). Suppose Im∆ = 0, i.e, a = 0 or b = 0
or 1− a2 + b2 − 2ρ2 = 0.
Case 1: For b = 0
In this case, due to Re∆ < 0, we find that |Q[1]n (τ)| is a even discrete soliton on time τ when
|Q[1]n (τ)| does not exist singularity for some parameters. Fig.7 gives the discrete soliton |Q[1]n (τ)| where
b = 2, ρ = −0.5, φ = 0. Note that |Q[1]n (τ)| is related to φ. When φ 6= 0, |Q[1]n (τ)| has a shift along τ .
Q[1]n (τ) = ρe
−i2ρ2τ+iφ e
2(z−2−1)
√
−∆iτM1n(τ) + e(z
−2−1)
√
−∆iτM2n(τ) +M3n(τ)
e2(z−2−1)
√
−∆iτM4n + e(z
−2−1)
√
−∆iτM5n +M6
, (64)
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where
M1n(τ) =2ρz
2θ2n+1
[
A
(
e2iρ
2τ−iφz2 − ρ(1 + z2)
)
− 2ρ
]
,
M2n(τ) =θ
n
[(
2A(1− θ2z2) +A2(1− θ2z4) + 4z4ρ2(θ2 − 1)) ρ+ z4e2iρ2τ−iφ(A2θ2 + 4ρ2)] ,
M3n(τ) =Aθ(A+ 2ρz
4e2iρ
2τ−iφ − 2z2ρ2 − z4ρ2),
M4n =θ
2nM6 = 2Aθ
1+2nz2(1 + z2)ρ2,
M5n =ρz
2θn
(
A2(θ2 − 1)− 4ρ2(z4θ2 − 1)) ,
with A = z2 − 1 +√−∆.
Case 2: For a = 0
When Re∆ > 0, by choosing proper parameters, we get a discrete breather-like soliton (see fig.8)
Q[1]n (τ) = e
−i(2ρ2τ+φ) e
2(z−2−1)
√
∆τM1n + e
(z−2−1)
√
∆τM2n +M3n
e2(z−2−1)
√
∆τM4n + e(z
−2−1)
√
∆τM5n +M6n
, (65)
where
M1n =ρz
2θn
[
4z2ρ2 − (Az2 − 2i(z4 − 1))A∗] ,
M2n =
(
2iAz2ρ2 + (A−Az4 − 2iz4ρ2)A∗) θ∗ + 2z2ρ2θ(−2 + iAz2 + 2z4 − iA∗),
M3n =ρθ
∗n (2iA(z4 − 1)− 4z4ρ2 +AA∗) ;
M4n =θ
nz2(AA∗ − 4z4ρ2), M6n = z2θ∗(4ρ2 −AA∗),
M5n =2iz
2ρ
(
(A∗ −Az2)θ∗ + θ(z2θ∗ −A)) ,
with A = i(z2 − 1) +√∆.
Case 3: ∆ 6= 0. In this case, we can get a discrete 2-soliton solution with nonlocal maximum value
when a = 0.5, b = 1, and ρ = 2 (see fig. 9).
Next, we will discuss gauge equivalence of discrete nonlocal defocusing NLS. Set Sn , −iG−1n σ3Gn,
where Gn satisfies the linear problem
Gn+1 =Mn(1)Gn, Gn,τ = Nn(1)Gn
with the form of
Gn =
(
fn gn
f∗−n −g∗−n
)
.
Under discrete gauge transformation
M˜n = G
−1
n+1MnGn, N˜n = G
−1
n NnGn −G−1n Gn,τ , (66)
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we obtain
M˜n =− iG−1n M−1n (1)MnGn =
z + z−1
2
I + i
z − z−1
2
Sn,
N˜n =G
−1
n (Nn −Nn(1))Gn
=iG−1n
(
1− z2 + z − z−1 (z−2 − 1)Q∗−n−1
(1− z2)Qn−1 −1 + z−2 + z − z−1
)
Gn
=i(z − z−1)I + i
(
z2 + z−2
2
− 1
)
G−1n
(
−1 Q∗−n−1
−Qn−1 1
)
Gn
+ i
z2 − z−2
2
G−1n
(
−1 −Q∗−n−1
−Qn−1 −1
)
Gn
=i(z − z−1)I + z
2 + z−2 − 2
2
Sn + Sn−1
1− 12tr(SnSn−1)
− iz
2 − z−2
2
I − Sn−1Sn
1− 12 tr(SnSn−1)
.
Here we have used the identities
1− 1
2
tr(Sn+1Sn) =
2
1−QnQ∗−n
,
G−1n
(
1 Q∗−n−1
Qn−1 1
)
Gn = G
−1
n−1Gn =
I − Sn−1Sn
1− 12 tr(SnSn−1)
G−1n
(
1 −Q∗−n−1
Qn−1 −1
)
Gn = i
Sn + Sn−1
1− 12tr(SnSn−1)
.
Then by using the discrete zero curvature equation M˜n,τ = N˜n+1M˜n − M˜nN˜n and comparing the
power of z, we get a discrete modified Heisenberg-like model
dSn
dt
=
[Sn, Sn−1]
1− 12tr(SnSn−1)
− [Sn+1, Sn]
1− 12tr(Sn+1Sn)
, (67)
where the matrix Sn is given by
Sn = −iG−1n σ3Gn =
i
fng∗−n + gnf
∗
−n
(
gnf
∗
−n − fng∗−n −2gng∗−n
−2fnf∗−n fng∗−n − gnf∗−n
)
. (68)
Let us further investigate the structure of the matrix Sn. Set fn = an + ibn, gn = cn + idn, then Sn
has the form
Sn =
(
s1n + is2n s5n + is6n
s3n + is4n −(s1n + is2n)
)
,
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where
s1ns1(−n) + s2ns2(−n) − s3ns5n + s4ns6n = 1,
2s1ns2n + s3ns6n + s4ns5n = 0, (69)
and sjn(j = 1, 2, 3, 4, 5, 6) is given by
s1n =
s11n
Γn
, s2n =
s12n
Γn
, s3n =
s21n
Γn
,
s4n =
s22n
Γn
, s5n =
s31n
Γn
, s6n =
s32n
Γn
,
with
Γn =(a
2
n + b
2
n)(c
2
−n + d
2
−n) + (a
2
−n + b
2
−n)(c
2
n + d
2
n) + 2(anb−n + a−nbn)(cnd−n + c−ndn)
+ 2(ana−n − bnb−n)(cnc−n − dnd−n),
s11n =2(bnb−n − ana−n)(cnd−n + c−ndn) + 2(cnc−n − dnd−n)(a−nbn + anb−n),
s12n =(a
2
−n + b
2
−n)(c
2
n + d
2
n)− (a2n + b2n)(c2−n + d2−n),
s21n =2(a
2
n + b
2
n)(b−nc−n − a−nd−n) + 2(a2−n + b2−n)(andn − bncn),
s22n =2(a
2
n + b
2
n)(a−nc−n + b−nd−n) + 2(a
2
−n + b
2
−n)(ancn + bndn),
s31n =2(c
2
n + d
2
n)(a−nd−n − b−nc−n) + 2(c2−n + d2−n)(bncn − andn),
s32n =2(c
2
n + d
2
n)(a−nc−n + b−nd−n) + 2(c
2
−n + d
2
−n)(ancn + bndn).
ds1n
dτ
=
CnIn +DnJn
∆1n
− AnEn +BnFn
∆2n
,
ds2n
dτ
=
CnJn −DnIn
∆1n
− AnFn −BnEn
∆2n
,
ds3n
dτ
=
CnKn +DnLn
∆1n
− AnPn +BnHn
∆2n
,
ds4n
dτ
=
CnLn −DnKn
∆1n
− AnHn −BnPn
∆2n
,
ds5n
dτ
=
CnXn +DnYn
∆1n
− AnRn +BnWn
∆2n
,
ds6n
dτ
=
CnYn −DnXn
∆1n
− AnWn −BnRn
∆2n
,
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with
∆1n = C
2
n +D
2
n, ∆2n = A
2
n +B
2
n;
An =
1
2
(
2− s1n(s1(n+1) − s1(n−1)) + s2n(s2(n+1) − s2(n−1))− s3(n−1)s5n
−s3ns5(n+1) + s4(n−1)s6n + s4ns6(n+1)
)
;
Bn =
−1
2
(s1ns2(n−1) + s2ns1(n−1) + s2ns1(n+1) + s1ns2(n+1) + s5ns4(n−1)
+ s4ns5(n+1) + s6ns3(n−1) + s3ns6(n+1));
Cn =
1
2
(2− 2s1ns1(n−1) + 2s2ns2(n−1) − s3ns5(n−1) − s5ns3(n−1) + s4ns6(n−1) + s6ns4(n−1));
Dn =
−1
2
(2s1ns2(n−1) + 2s2ns1(n−1) + s4ns5(n−1) + s5ns4(n−1) + s3ns6(n−1) + s6ns3(n−1));
En =s3ns5(n+1) − s5ns3(n+1) + s6ns4(n+1) − s4ns6(n+1);
Fn =s4ns5(n+1) − s5ns4(n+1) − s6ns3(n+1) − s3ns6(n+1);
Pn =2(s1ns3(n+1) − s3ns1(n+1) + s4ns2(n+1) − s2ns4(n+1));
Hn =2(s2ns3(n+1) − s3ns2(n+1) − s4ns1(n+1) + s1ns4(n+1));
In =s5ns3(n−1) − s3ns5(n−1) + s4ns6(n−1) − s6ns4(n−1);
Jn =s5ns4(n−1) − s4ns5(n−1) − s3ns6(n−1) + s6ns3(−n−1);
Kn =2(s3ns1(n−1) − s1ns3(n−1) + s2ns4(n−1) − s4ns2(n−1));
Ln =2(s3ns2(n−1) − s2ns3(n−1) − s1ns4(n−1) + s4ns1(n−1));
Rn =2(s5ns1(n+1) − s1ns5(n+1) − s6ns2(n+1) + s2ns6(n+1));
Wn =2(s5ns2(n+1) − s2ns5(n+1) + s6ns1(n+1) − s1ns6(n+1));
Xn =2(s1ns5(n−1) − s5ns1(n−1) − s2ns6(n−1) + s6ns2(n−1));
Yn =2(s2ns5(n−1) − s5ns2(n−1) + s1ns6(n−1) − s6ns1(n−1)).
It is interesting to note that if set f∗−n = f
∗
n, g
∗
−n = g
∗
n and fn = an + ibn, gn = cn + idn, then we can
show that the matrix Sn possesses the form
Sn =
(
s1n i(s3n − s2n)
i(s3n + s2n) −s1n
)
, (70)
where the vector Sn=(s1n, s2n, s3n)
T ∈ H2 in R2+1, i.e., s21n + s22n − s23n = −1, and sjn, j = 1, 2, 3 is
given by
s1n =
andn − bncn
ancn + bndn
, s2n =
|gn|2 − |fn|2
2(ancn + bndn)
, s3n =
−|fn|2 − |gn|2
2(ancn + bndn)
.
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Thus, equation (67) leads to
S˙n = 2
Sn×˙Sn−1
1− Sn · Sn−1 − 2
Sn+1×˙Sn
1− Sn+1 · Sn . (71)
This means that the equation (67) is a discrete modified Heisenberg equation under the condition
f∗−n = f
∗
n, g
∗
−n = g
∗
n which agrees with a well-known fact that the discrete defocusing NLS is gauge
equivalent to the discrete modified Heisenberg equation [16].
4 Conclusion and Discussion
In this paper, we have shown that, under the gauge transformations, the nonlocal focusing NLS (the
nonlocal defocusing NLS) and its discrete version, discrete nonlocal focusing NLS (discrete nonlocal de-
focusing NLS) are, respectively, gauge equivalent to a Heisenberg-like equation (modified Heisenberg-
like equation) and a discrete Heisenberg-like equation (discrete modified Heisenberg-like equation).
From the gauge equivalence, we can see that the properties between the nonlocal NLS and its discrete
version and NLS and discrete NLS have great differences. We have also obtained the discrete soliton
solutions for the discrete nonlocal NLS through constructing the Darboux transformation. These dis-
crete soliton solutions are different from ones obtained by using the scattering transformation. We
should point out here that geometric interpretation for the nonlocal NLS and its discrete version is
not very clear at the moment. How to understand the meaning of equations (14), (25),(48), and (69)?
This problem is worth a further investigation in the future.
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